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Abstract
We show that one can express Frobenius transformation on middle-dimensional p-adic cohomology of Calabi–Yau threefold in terms of mirror
map and instanton numbers. We express the mirror map in terms of Frobenius transformation on p-adic cohomology. We discuss a p-adic
interpretation of the conjecture about integrality of Gopakumar–Vafa invariants.
© 2008 Elsevier B.V. Open access under CC BY license.1. Introduction
In [1] we gave an expression of instanton numbers in terms
of Frobenius transformation on middle-dimensional p-adic co-
homology of Calabi–Yau threefold with respect to canonical
coordinates on moduli space of complex structures. We men-
tioned that conversely Frobenius map in canonical coordinates
can be expressed in terms of instanton numbers. (A rigorous ex-
position of the results of [1] was given in [2].) In present Letter
we will prove that Frobenius map on middle-dimensional coho-
mology constructed by means of any coordinate system in the
neighborhood of maximally unipotent boundary point of com-
plex structures can be expressed in terms of mirror map and
instanton numbers (Section 2). The calculations in Section 2
generalize some calculations of [1], however, our exposition
is independent of [1]. In Section 3 we will discuss integral-
ity of mirror map; we will give an explicit formula for mirror
map in terms of Frobenius transformation on cohomology of
Calabi–Yau manifold. (Talking about Frobenius map on coho-
mology we have in mind the middle-dimensional cohomology
with coefficients in the ring Zp of integer p-adic numbers; see
[3] for transparent construction of this map.) In Section 4 we
interpret the conjecture about integrality of Gopakumar–Vafa
invariants in terms of Frobenius map on p-adic wave functions.
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jecture.
2. Calculation of Frobenius map
Let us consider a family of complex Calabi–Yau manifolds
of dimension n in the neighborhood of maximally unipotent
boundary point in the moduli space M of complex structures.
The coordinates in the neighborhood of the boundary point will
be denoted by z1, . . . , zr ; the points on the boundary divisor
obey zi = 0. We assume that the moduli space M is defined
over Z.
The corresponding B-model can be formulated in terms
of Hodge filtration Fp , monodromy weight filtration Wk and
Gauss–Manin connection ∇ on the bundle of cohomology
groups Hn (with complex coefficients). (See, for example, Sec-
tion 5.1 of [4].) We assume that the B-model at hand can be
considered as a mirror of A-model. In particular, this means that
Morrison integrality conjecture (see [5] or Section 5.2.2 of [4])
is satisfied.
We will consider Calabi–Yau threefolds. In this case the
cohomology group H 3 can be represented as a direct sum
of the subgroups I k,k =W2k ∩ Fk where k = 0,1,2,3, and
rank I 0,0 = rank I 3,3 = 1, rank I 1,1 = rank I 2,2 = r . (Here r
stands for the dimension ofM.)
Let us assume for simplicity that r = 1. Then we can take
a symplectic basis of H 3 consisting of vectors ek ∈ I 3−k,3−k ,
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〈e2, e1〉 = −1.)
In this basis Gauss–Manin connection takes the form
(1)∇δe3 = 0,
(2)∇δe2 = Y3(z)e3,
(3)∇δe1 = Y2(z)e2,
(4)∇δe0 = Y1(z)e1.
Here δ stands for logarithmic derivative with respect to coordi-
nate z in the neighborhood of maximally unipotent boundary
point. Compatibility of Gauss–Manin connection with sym-
plectic structure on cohomology implies that Y1 = Y3.
We follow the notations of Section 5.6.3 of [4]. It is shown in
this section that the mirror map q(z) can be expressed in terms
of Y1 = Y3; namely δ logq = Y3. In canonical coordinate q we
have Y1 = Y3 = 1 (for appropriate normalization of the basis
in cohomology) and Y2 can be expressed in terms of instanton
numbers (up to a constant summand). In general Yi can be ex-
pressed in terms of mirror map and instanton numbers. There
exists also an expression of Yi in terms of solutions of Picard–
Fuchs equations (of periods of holomorphic 3-form Ω = f e0).
We will need the relation
(5)δ log(f 4Y 31 Y 22 Y3)= c3,
where c3 stands for one of the coefficients of Picard–Fuchs
equation
(6)∇4δ Ω = c3∇3δ Ω + c2∇2δ Ω + c1∇δΩ + c0Ω.
To obtain (5) we substitute Ω = f e0 into Picard–Fuchs equa-
tion and apply (1)–(4). We will use (5) to calculate f 2Y 21 Y2.
One can prove that the action of Gauss–Manin connection on
cohomology with coefficients in Zp is given by (1)–(4) where
Yi are considered as series with p-adic coefficients; see [2]. (In
this statement one should assume that the canonical coordinate
and the vectors ei are normalized in appropriate way.)
The map z → zp is called Frobenius map; it induces a map
on functions of z denoted by Fr. It is a non-trivial fact that it
can be lifted to a map of cohomology groups with coefficients
in Zp; this map (Frobenius transformation) also will be denoted
by Fr. Frobenius transformation is compatible with symplectic
structure on cohomology:
(7)〈Fra,Frb〉 = p3 Fr〈a, b〉,
where 〈a, b〉 stands for the inner product of cohomology clas-
ses.
The Frobenius transformation does not preserve the Hodge
filtration; however, for p > 3 it satisfies
(8)FrF s ⊂ psF0.
We will always impose the condition p > 3.
The Frobenius map preserves the monodromy weight filtra-
tion; hence its matrix is triangular in our basis:
(9)Fr e3 = a33e3,
(10)Fr e2 = pa22e2 + pa32e3,(11)Fr e1 = p2a11e1 + p2a21e2 + p2a31e3,
(12)Fr e0 = p3a00e0 + p3a10e1 + p3a20e2 + p3a30e3.
Notice that in the LHS of these formulas the vectors ei are
calculated at the point z and in the RHS these vectors are cal-
culated at the point zp . The coefficients belong to Zpz.
From the relation (7) we obtain
(13)a33a00 = 1, a22a11 = 1, a00a32 = a22a10,
(14)a11a20 − a21a10 + a31a00 = 0.
The Frobenius map is compatible with Gauss–Manin connec-
tion:
(15)∇δ Fr = p Fr∇δ.
Using (15) we obtain relations between Yi and aij :
(16)δaji + aj−1,iYj = aj,i+1 Fr(Yi+1).
We conclude that
(17)δaii = 0,
(18)δai,i−1 = ai,i FrYi − ai−1,i−1Yi,
(19)δai,i−2 = ai,i−1 FrYi−1 − ai−1,i−2Yi,
(20)δa30 = a31 FrY1 − a20Y3.
It follows from these formulas that ai,i does not depend on
z and i. (Independence of z follows from the first equation; in-
dependence of i follows from second equation and from the
remark that LHS of all equations vanish at z = 0.) Let us de-
note the common value of aii by ; we obtain from (13) that
 = ±1.
The above formulas immediately permit us to calculate
every matrix element of Frobenius map up to a constant sum-
mand. To fix these constants it is sufficient to know the matrix
of Frobenius map at the point z = 0. From (16) we can de-
duce that vanishing one of the elements of Frobenius matrix
at z = 0 implies that all other elements on the same diagonal
(with the same difference between indices) are zero. From the
other side it is proved in [2] that in canonical coordinates q we
have a32 = 0; this means that in any integral coordinate sys-
tem z we have a32 = 0 at z = 0. (This follows from remark
that dq/dz = ±1 at z = 0.) Applying (12), (13) we conclude
that all off-diagonal entries of Frobenius matrix at z = 0 van-
ish, except, may be, a30. There are some indications that this
entry also vanishes. Then this matrix coincides with the unit
matrix up to a sign. Similar calculations can be used to calculate
the Frobenius map for r > 1. In this case with an appropriate
choice of symplectic basis e0, e1, . . . , er , e0, e1, . . . , er where
e0 ∈ I 3,3, e1, . . . , er ∈ I 2,2, e1, . . . , er ∈ I 1,1, e0 ∈ I 0,0, Gauss–
Manin connection can be represented in the following way:
∇δi e0 = 0, ∇δi ej = 3Y ji e0,
(21)∇δi ej = 2Yijkek, ∇δi e0 = 1Y ji ej .
We use the notation ∇δi for the covariant derivative correspond-
ing to δi = zi∂/∂zi . In canonical coordinates 1Y j = 3Y j = δj ,i i i
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3Y ji in terms of mirror map. (See [4, Section 5.6.3] or [7].)
Taking into account that in canonical coordinates 2Y ji is the
normalized Yukawa coupling that can be expressed in terms of
instanton numbers we see that all coefficients in (21) can be ex-
pressed in terms of mirror map and instanton numbers. From
the other side repeating the considerations used for r = 1 we
relate these coefficients to the Frobenius map.
Notice that we can consider also a transformation of coho-
mology groups over z into cohomology groups over zq where
q = ps . This map denoted by Fr(s) is induced by the sth power
of map z → zp . One can calculate this map as a composition of
s Frobenius transformations. From the other side we can use
the compatibility of this map with Gauss–Manin connection
to calculate it in the same way as Frobenius map. Composing
Frobenius transformations we obtain
(22)Fr(s) ei =
∑
p(3−i)+(s−1)(3−j)a(s)j i ej
where j  i and aii = s . The equation for the coefficients in
(22) has the form
(23)ps−1a(s)i+1,j Fr(s) Yi+1 = δa(s)ij + a(s)i,j−1Yj .
3. Expression for mirror map
Integrality of mirror map was proven in [6] for quintic and
in [2] in general case. In this section we will use the ideas of
[2] to give an expression for mirror map in terms of Frobenius
transformation. Integrality of mirror map will follow from this
expression.
Our main tool will be the Artin–Hasse exponential function
Ep(x) = exp
(
x + x
p
p
+ x
p2
p2
+ · · ·
)
.
The expansion of this function with respect to x has integer p-
adic coefficients: Ep(x) ∈ Zpx. It is easy to check that
δ logEp
(
xpk
)− δ logEp(xk)= −kxk = −δxk.
Using this identity we can derive the following
Lemma 1. For every r(x) ∈ Zpx one can find such a series
Q(x) ∈ Zpx that ν(x) = δ logQ(x) obeys
ν
(
xp
)− ν(x) = δr(x).
To prove this lemma we give an explicit construction of
Q(x) in terms of Artin–Hasse exponential. Let us suppose that
r(x) = Σrkxk . Then it follows immediately from the proper-
ties of Artin–Hasse exponential that the power expansion of the
product Q(x) =∏k Ep(xk)−rk is a series we need.
Artin–Hasse exponential can be expressed as a product:
Ep(x) =
∏(
1 − xn)−μ(n)n
where n runs over all natural numbers that are not divisible by
p and μ stands for Möbius function. Using this expression wecan obtain another representation of Q(x):
(24)Q(x) =
∏
k
(
1 − xk)sk
where
sk =
∑ μ(d)
d
r k
d
and d runs over all divisors of k that are not divisible by p.
In the situation considered in Section 2 integrality of mirror
map and an explicit expression for it immediately follows from
this lemma applied to the function r(z) = ±a32(z). Using (18)
and taking into account that aii =  = ±1 we obtain
δai,i−1 = ±(FrYi − Yi).
Applying this relation for i = 3 we can say that the role of the
function ν is played by the function Y3. The mirror map q obeys
δ logq = Y3; this equation specifies q up to a constant factor.
We come to a conclusion that
(25)q(z) = const
∏
k
Ep
(
zk
)∓ak32
where ak32 denotes the coefficient of z-series a32(z).
One can prove that in appropriate normalization of mirror
map the constant in this formula is equal to ±1. We will not
discuss the calculation of this constant referring to [2].
Applying (23) we can present the expression for q(z) in the
form
q(z) = const(1 − zk)σk ,
where
σk =
∑ μ(d)
d
a
k
d
32.
Notice that applying the above considerations to the rela-
tion (18) for arbitrary i we can prove integrality of all functions
qi(z) obeying
(26)δ logqi = Yi.
These functions generalizing the mirror map were introduced
by Deligne [7] in geometric way; see also [4, Section 5.6.3].
Notice that Eq. (26) specifies the function qi(z) only up to a
constant factor, but the geometric definition fixes this factor.
It follows from the proof of integrality of qi(z) that
(27)ai,i−1 = ± log qi(z
p)
1
p
qi(z)
+ const.
One can prove that the constant in this equation vanishes.
We have considered the mirror map only for Calabi–Yau
threefolds and only in the case when r = 1. However, our con-
sideration can be applied also to n-dimensional Calabi–Yau
manifolds without any restriction on the dimension r of moduli
space of complex structures.
In the case r > 1 one should apply the following multidi-
mensional generalization of Lemma 1.
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can find such series Qi(z) ∈ Zpz1, . . . , zr that νij = δj logQi
obeys
Frνij − νij = δj ri .
Here δj stands for the logarithmic derivative with respect to zj
and the Frobenius map Fr transforms f (z1, . . . , zr ) into f (zp1 ,
. . . , z
p
r ).
Again we can write
Qi(z) =
∏
k
Ep
(
zk
)−rik ,
where rik are coefficients of the power expansion of r
i(z) (we
consider k as multiindex).
4. Free energy and wave function
Let us consider B-model in canonical coordinate q on the
moduli space M of complex structures. (We assume that the
dimension r of M is equal to 1, but the generalization to the
case r > 1 is straightforward.) Then the calculations of Sec-
tion 2 coincide with the calculations of [1] and we obtain the
following expression for Frobenius map:
(28)Fr e3 = e3,
(29)Fr e2 = pe2,
(30)Fr e1 = p2e1 + p2a21e2 + p2a31e3,
(31)Fr e0 = p3e0 + p3a20e2 + p3a30e3,
where all coefficients can be expressed in terms of a = a30;
namely
a21 = −12δ
2a, a31 = −a20 = δa.
Here we consider the case when all diagonal coefficients are
equal to 1; in the case when the diagonal coefficients are equal
to −1 we should change some signs. The symbol δ stands for
logarithmic derivative with respect to q (for derivative with re-
spect to t = logq).
In canonical coordinates the function Y1 = Y3 is equal to 1
and the function Y = Y2 is the Yukawa coupling (third logarith-
mic derivative of genus zero free energy f = F0). If the Yukawa
coupling has the form
Y(q) = c +
∑
nkq
k,
the genus zero free energy can be represented as
f (q) = ct3 +
∑
k−3nkqk.
It was derived in [1] from (28)–(31) and compatibility of Frobe-
nius map with Gauss–Manin connection (15) that
(32)Y (qp)− Y(q) = 1
2
δ3a.(Eqs. (28)–(31) and (32) follow from (17)–(20).) For genus zero
free energy f = F0 we obtain
(33)p−3f (qp)− f (q) = 1
2
a.
It was shown in [1] that (32) can be used to analyze integral-
ity of instanton numbers. It was mentioned there that the main
lemma that permitted us to give p-adic interpretation of instan-
ton numbers (=genus zero Gopakumar–Vafa invariants) can be
generalized to the case of Gopakumar–Vafa invariants for arbi-
trary genus. Let us formulate now one of possible statements of
this kind.
Recall first of all that the free energy
(34)F(q) =
∑
λ2g−2Fg(q)
can be represented as a sum of the contribution of non-trivial
instantons F ′ and the contribution of constant maps F ′′. The
first summand can be expressed in terms of Gopakumar–Vafa
invariants ngk :
F ′ =
∑
n
g
k
1
m
(
2 sin
mλ
2
)2g−2
qmk.
We sum here over all possible values of g = 0,1,2, . . . and over
k,m ∈ N. The second summand has the form
F ′′ = λ−2 ct
3
6
− dt
24
where c and d are integers. Using these formulas one can rep-
resent the partition function Z as Z′Z′′ where
(35)Z′ = exp(F ′) =
∏(
1 − Λrqk)mrk ,
(36)Z′′ = exp(F ′′).
Here Λ = e−iλ,
mrk = rn0k +
∑
g1+|r|
(−1)g−1ngk
(
2g − 2
g − 1 − r
)
.
(In the formulas for free energy we disregard a constant sum-
mand, in the formulas for partition function we disregard a
constant factor.)
The derivation of these formulas is based on elementary
identities
exp
(∑
m
1
m
(
2 sin
mλ
2
)2g−2
qmk
)
=
2g−2∏
r=0
(
1 − Λk−g+1qn)(−1)r+g(2g−2r )
for g > 0,
exp
(∑
m
1
m
(
2 sin
mλ
2
)−2
qmk
)
=
∞∏
r=1
(
1 − Λ−rqn)r
for g = 0. (See [11].)
The integrality of numbers mrk follows from integrality of
Gopakumar–Vafa invariants. Conversely, one can prove that the
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stanton numbers n0k implies the integrality of all Gopakumar–
Vafa invariants ngk . Further, the integrality of m
r
k is equivalent
to the integrality of Z′ considered as an element of the ring
of power series with respect to q with coefficients in Laurent
series with respect to Λ. (The integrality is understood as inte-
grality of coefficients of Laurent series.) The integrality of Z′
can be expressed also in terms of p-adic reduction of Z′. (We
can consider p-adic reduction of it because the coefficients in
series with respect to q,Λ and, in the case, of Z′′ with respect
to t = logq, iλ = logΛ are rational.) It is easy to check that for
this reduction
(37)Z
′(Λp,qp)
Z′(Λ,q)p
= 1 + pζ(Λ,q),
where ζ is a power series with respect to q having as coeffi-
cients Laurent series with respect to Λ; the coefficients of these
Laurent series are p-adic integers. Notice that
(38)F ′′(pλ,pt) − pF ′′(λ, t) = 0,
hence
Z′′(pλ,pt)
Z′′(λ, t)p
= 1.
We see that Z also has integrality properties generalizing (37).
One should emphasize that the formula (35) is valid only
for |Λ| > 1 (we used this condition in the analysis of the con-
tribution of g = 0). However, we can use the fact that Z is a
function that is even with respect to λ (i.e. it does not change
under the substitution Λ → Λ−1); therefore it can be consid-
ered as a function of ν = Λ + Λ−1 − 2 = −2 sin2 λ2 having a
first order pole at ν = 0. It is easy to derive from the above
statements that the Laurent series with respect to ν that appear
in Z′ as coefficients in the power series with respect to q have
integral coefficients. The derivation is based on the existence of
one-to-one correspondence between integer polynomials with
respect to ν and integer Laurent polynomials with respect to Λ
that do not change under the substitution Λ → Λ−1. It uses also
the fact that Laurent series for ν−1 at the point Λ = ∞ contains
only negative powers of Λ appearing with integer coefficients.
Notice that the integrality properties can be expressed in
terms of p-adic reduction of free energy. Namely, it follows
from the above results that
(39)F ′(pλ,qp)− pF ′(λ, q) = pτ,
where τ ∈ ν−1Zpν, q. This statement was mentioned in [1,2].
Using (38) we obtain that F = F ′ +F ′′ has the same integrality
property as F ′.
B-model for arbitrary genus (or, more precisely, correspond-
ing topological string) can be obtained from genus zero B-
model by means of quantization [9]. The wave function of B-
model in holomorphic polarization (in polarization correspond-
ing to the basis ek) can be expressed in terms of free energy (34)
in the following way:Ψ = exp
(
F
(
λ
ρ
, t + x
ρ
)
− λ−2
(
F0(t)ρ
2 + ∂F0
∂t
xρ
(40)+ 1
2
∂2F0
∂t2
x2
)
−
(
χ
24
− 1
)
log(ρ)
)
where (x,ρ) are coordinates on Lagrangian subspace spanned
by e1, e0 and χ is an integer. (This expression was derived
in [10] from the results of [8].) Let us restrict our attention
to the class of wave functions having the form ψ = ef where
f = h¯−1f0 + f1 + h¯f2 + · · · (to the class of semiclassical wave
functions). In B-model h¯ = λ2; the wave function of B-model
belongs to our class. It is easy to check that a semiclassical
wave function remains in the same class when we change the
polarization (i.e. the group of symplectic transformation acts
projectively on our space). (See [10], the end of Section 2.)
Moreover, the formulas relating the wave function ψ = ef to
the wave function ψ ′ = ef ′ give a rational expression of f ′ in
terms of f , hence they can be applied over any field, in par-
ticular over a field of p-adic numbers. This remark permits us
to define Frobenius map on wave functions of B-model: using
(28)–(31) and the formula (8) from [10] we see that we should
define Frobenius map in canonical coordinates in the following
way: if Frψ = ψ ′ then
(41)f ′ = f +
(
1
2λ2
(
aρ2 + δaρ + 1
2
δ2ax2
))
.
As follows from (7) the Frobenius map preserves the symplec-
tic form on cohomology up to a constant factor, hence strictly
speaking it is not symplectic map; nevertheless we can use the
formulas from [10] to define its action on wave functions. No-
tice that in (41) f ′ is calculated at the point q and f at the
point qp .
We conjecture that the p-adic analog of the expression Ψ
obeys
(42)FrΨ
Ψp
= 1 + pζ
where ζ is an integral expression (we understand integrality in
the sense explained after the formula (37)). It follows from the
above results that the integrality of Gopakumar–Vafa invariants
is equivalent to this conjecture.
To verify this statement we represent Ψ as a product of three
factors:
Ψ = exp
(
F
(
λ
ρ
, t + x
ρ
))
exp
(
−λ−2
(
F0(t)ρ
2 + ∂F0
∂t
xρ
+ 1
2
∂2F0
∂t2
x2
))
exp
(
−
(
χ
24
− 1
)
log(ρ)
)
.
It follows from our assumptions about Frobenius map and from
(33) that in FrΨ/Ψ p the contribution of the second factor in
Ψ cancels with the exponent coming from (41). We obtain that
(42) is equivalent to (37).
It follows from [1] that in genus zero approximation our con-
jecture is true; it is easy to check this fact directly.
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